In this work we give a proof of Belinfante´s conjecture, g = 1 s for particles with arbitrary spin s . To this end, we adopt Weinberg´s point of view that the equations of motion satisfied by a field are just a consequence of the representation space which the field belongs to, and the discrete symmetries we impose on it. We formulate the equation of motion corresponding to the identification of elementary systems with states in the invariant subspaces of the squared Pauli-Lubanski operator and couple electromagnetism in the corresponding equation for the (s, 0) ⊕ (0, s) representation space using the gauge principle.
PACS: 13.40.Em, 03.65.Pm, 11.30.Cp. The spin is a physical quantity whose nature is not completely clear in spite of its long history [1] . The existence of this quantity was originally formulated to explain the atomic fine structure, and conceived as a classical "intrinsic" angular momentum. However, the gyromagnetic factor required by the spectral lines (g s = 2) was in conflict with this classical picture. The notion of spin as an angular momentum formally found a place in the non-relativistic quantum description of rotations. Indeed, as explicitly done in almost every textbook on quantum mechanics, the irreducible representations (irreps) of the rotation group can be constructed from the corresponding Lie algebra as 2j + 1− dimensional subspaces characterized by the eigenvalue j of the casimir operator J 2 of this group. The eigenvalues j can take any value integer or semi-integer. It is in the quantum realm that representations with semi-integer values of j are realized as the representation spaces for the physically relevant property called spin. The concept of spin was clarified further with the formulation by Dirac of his famous equation describing point-like spin 1 2 particles with the correct gyromagnetic factor g s = 2 which was claimed to be a consequence of special relativity. As emphasized in [2] this value is actually a consequence of the relativity principle either Galilean or Einstenian.
A remarkable property of the Dirac states is that they are eigenstates of S 2 in every reference frame. In other words, they describe particles with truly well defined spin. Notice that this additional property is not necessary from the point of view of the classification of elementary systems according to the irreducible representations of the Poincaré group since, in general, the relevant quantum numbers are the eigenvalues of the Casimir operators for the Poincaré group, namely the squared four-momentum, P 2 , and the squared Pauli-Lubanski operator, W 2 . In general, the last operator is proportional to S 2 only in the rest frame.
The gyromagnetic factor for a system with spin s was conjectured by Belinfante to be g s = 1/s [3] and an explicit proof was given for a spin 3 2 system minimally coupled to electromagnetism using the Fierz -Pauli formalism [4] . Although partial proofs exist for this conjecture under restricted conditions [5] , a general proof is still lacking. The aim of the present paper is to give a proof of Belinfante´s conjecture based only on the structure of space-time and on minimal coupling, i.e. U (1) em gauge structure for electromagnetism. To this end, we will use the (s, 0) ⊕ (0, s) representation space, which shares with the Dirac representation the property of having well defined spin in every reference frame. In addition, these are invariant subspaces under parity operation.
In this work we take the point of view that the equation of motion satisfied by a field is just as a kinematical statement of the representation space which it belongs to and the discrete symmetries we impose on it [6, 7] . To be specific let us consider the Dirac field. It belongs to the (
2 ) irrep of the Homogenous Lorentz Group (HLG) and is an eigenstate of parity operator. This last condition can be imposed in the rest frame as
where P denotes parity operator and η = ±1. The boost operator for fields transforming in the (
2 ) representation, can be constructed from first principles [8, 9, 10] .We work in the Dirac basis for the (
2 ) space which is related to the Weyl basis by the transformation matrix
In this basis parity operator is diagonal P = Diag(1, −1) whereas the boost operator reads
Applying the boost operator to Eq. (1) and using PB(p)P =B −1 (p) we obtain
which when multiplied by m yields Dirac equation for ψ(p). States satisfying this condition for η = 1 describes particles while anti-particles correspond to the subspace with η = −1.
It is possible to show that Proca equation can be obtained along the lines of the previous derivation when applied to the (
2 ) representation space. In general, a free field will satisfy equations of motion which just reflect the representation space to which it belongs, and the discrete symmetries we impose on it. Since the primary classification of elementary systems is usually done by identifying them with the irreps of the Poincaré group there must be conditions (equations of motion) associated to this classification. In order to make clear our point we briefly recall the transformation properties of fields under the action of the Poincaré group.
A Poincaré transformation in coordinate space
induces the following transformation for the field ψ
Here, ǫ µ , θ µν are continuous parameters,P µ and the n × n matrices M µν representing a totally antisymmetric 2nd rank Lorentz tensor are the generators of the Poincaré group in the representation space of interest. They satisfy the commutation relations of the Poincaré algebra :
where g µν = diag(1, −1, −1, −1) is the metric tensor. In the standard convention, P µ are the generators of the translation group, T 1,3 in 1+3 time-space dimensions. The M µν generators consist of
where L µν , and S µν in turn generate rotations in external coordinate-and internal representation spaces. The generators of boosts (K x , K y , K z ) and rotations (J x , J y , J z ) are related to M µν via
respectively. The Pauli-Lubanski (PL) vector is defined as
where ǫ 0123 = 1. This operator can be shown to have the following commutator relations :
i.e. it transforms as a four-vector under Lorentz transformations. The remarkable point is that the "orbital" part of M µν , namely L µν , does not contribute to the PL operator due to the anti-symmetric Levi-Civita tensor. As a result, W µ can be rewritten to
and its squared (in covariant form) is calculated to be
The operators S µν generate Lorentz transformations in the intrinsic representation space and satisfy the algebra
i.e. , they commute with T 1,3 and satisfy also the algebra of the HLG, but this is a set of transformations which are different from those of the HLG generated by M µν . Hereafter we will refer to the group generated by S µν as the "Internal Homogeneous Lorentz Group" (IHLG) to distinguish it from the HLG spanned by M µν . The IHLG generators are:
In terms of intrinsic boost and rotation generators, the Pauli-Lubanski vector and the G µ vectors are now expressed as
On the other hand, the IHLG has by itself two Casimir invariants that are given by C 1 = 1 4 S µν S µν ; C 2 = S µν S µν , where S µν = ǫ µνρτ S ρτ . Explicitly, in terms of the generators of boosts and rotations we obtain
which allow us to cast W 2 into the form
Let us now specialize these relations for the (s, 0) ⊕ (0, s) representation space of the HLG. In this case the squared Pauli-Lubanski operator is proportional to the squared spin operator and (s, 0) ⊕ (0, s) turns out to be invariant subspace under the action of W 2 . Indeed, in this case, S = iΓ 0 K with
The identification of elementary systems with the irreps of the Poincaré group lead us to two primary conditions for any field : it must belong to the invariant subspaces under the action of both P 2 and W 2 . These subspaces are characterized by the corresponding quantum numbers m 2 , s . The first condition leads to Klein-Gordon equation
whereas the restriction of fields to invariant subspaces of the squared PauliLubansky operator lead us to a new equation
These two equations must be satisfied by any field. Notice that we are not imposing yet any discrete symmetry. As exhibited in the case of Dirac, imposing discrete symmetries in general lead us to further stringent conditions such as the Dirac equation for the (
2 ) space. We will couple minimally electromagnetism to Eq. (11) for ψ in the (s, 0) ⊕ (0, s) representation space. Notice that, in this case, we can use either (11) and both descriptions are equivalent for a free particle. However, under interactions these formulations are not equivalent anymore, thus interactions single out one of these equivalent descriptions. A priori, it is impossible to distinguish the useful description under interactions but we know correct formalism for spin s = 1 2 . In the following we use this information and generalize for arbitrary s. We study first the possibility
since under minimal coupling of electromagnetism the alternative description 1 A similar approach was followed in [11] for the Rarita-Schwinger representation.
does not generates a magnetic dipole interaction. The corresponding equation for a free particle in the (s, 0) ⊕ (0, s) representation space is
It is convenient to separate the product of generators as
where we defined the symmetric part T The anti-symmetric part does not contribute in the free case but under minimal coupling is this term which generates the magnetic interaction, thus we must rewrite equation (12) in such a way that the information contained in this term is not lost. There are many possible equivalent descriptions obtained this way which are not equivalent under minimal coupling to electromagnetism. To obtain the correct description let us analyze the case s = 
This equation is less restrictive than Dirac equation since we still do not imposed parity as a good quantum number for the field ψ.Using the algebra of Dirac matrices this equation can be cast as
(14) where we used P 2 ψ(p) =m 2 ψ(p). Here, it is apparent that Dirac equation contains more information than Eq.(12). In fact, Dirac equation is obtained by imposing the vanishing of one of the factors in Eq. (14) when acting upon the field which, as shown above, is equivalent to restrict the field to a subspace of ( 
This is exactly the factor appearing in the middle of Eq.(14) which gives the correct gyromagnetic factor for s = 1 2 . The generalization of this result to any s reads
where
Under minimal coupling we obtain
where Π µ = p µ −eA µ and F µν denotes the electromagnetic strenght tensor. The term on the right hand side of this equation contains the magnetic interaction which for general s gives the gyromagnetic factor g s = 1 s .
Summarizing, in this work we adopt the point of view that equations of motion are just a Lorentz invariant record of the representation space to which the field belongs, and the discrete symmetries we impose on it. We illustrate the point in the case of Dirac equation. We remark that under this view point any field must satisfy two primary conditions (equations): Klein-Gordon equation and a new equation of motion related to eigenvalues of the squared PauliLubanski operator. The latter is a very general condition in the sense that none discrete symmetry is imposed. As a consequence, there are many equivalent descriptions for free particle which are not further equivalent under minimal coupling with electromagnetism. We identify the correct description for the case s = 
Acknowledgments
Work supported by CONACYT -Mexico under project 37234-E.One of us (C.A. V.) acknowledges financial support from Universidad de Guanajuato under program¨Veranos de la Investigación Científica¨. We thank M. Kirchbach for useful discussions on this topic.
